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Most sesquioxides �X2O3� with a rare-earth cation crystallize in the cubic structure known as bixbyite, also
adopted by oxides with smaller trivalent cations �e.g., Sc and Y�. Here we discuss the dielectric behavior of
these crystals on the basis of results of density-functional calculations for a selection of them, namely, Sc, La,
Dy, and Lu binary sesquioxides. Vibrational modes can be categorized in two groups: one mostly localized on
cations and with low frequencies and another with higher energies localized on oxygens. In rare-earth oxides
the frequency of cation-localized modes shows a weak dependence on cation type; oxygen modes, instead,
increase their energy as the cation radius decreases from La to Lu. In the case of the smaller Sc, frequencies
increase for all modes and the smaller cation/oxygen mass ratio allows for a significant mixing of oxygen and
cation displacements at intermediate frequencies. In the final analysis, we conclude that bixbyites all have
relatively small dielectric constants and rationalize the reasons thereof.
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I. INTRODUCTION

The evolution of complementary metal-oxide-semicon-
ductor technology is causing the gradual replacement of the
native Si oxide as the insulating layer of metal-oxide-
semiconductor junctions by thicker layer of more responsive
dielectric media.1,2 This improves both the electrical leakage
reliability and the capacitive density of the junctions. The
materials in question have large electronic gap �5 eV, say�
and a large dielectric constant � �say, upward of 20–25�. Due
to the large gap, their high-frequency electronic screening is
modest and the electronic contribution �� is small �of order
3–5�; the enhanced total � must therefore come from lattice
response �which is in fact very small in the native silicon
oxide�. Among possible high-� materials, rare-earths oxides
have been quite popular.3 Not only are they good insulators
with large band gaps and appreciable lattice dielectric
screening; they are also expected to be stable in contact with
Si and to form morphologically clean interfaces.4,5 The stud-
ies on rare-earth oxides involved either the binary R2O3 ses-
quioxides they form by themselves, or the many complex
oxides, mostly RBO3 perovskitic oxides, which involve other
smaller cations occupying the B site while the rare-earths
cations are placed at the R site. Some of these smaller triva-
lent cations, such as Sc or Y, in fact form sesquioxides with
the same crystal structure as rare earths. Because of their
similar properties, Sc and Y oxides are often considered to-
gether with rare-earths ones.

Complex oxides have usually better dielectric constants
than most part of the sesquioxides. Perovskites have dielec-
tric constants ordinarily well above 20,6 whereas byxbyite
sesquioxides are generally in the 12–20 range. �Hexagonal
La2O3 and Pr2O3 reach values7 of 25 but their cubic phases
are in line with the others.� Our previous study8 of bixbyite
Lu2O3 showed that only oxygen displacements are able to
produce large dipoles, whereas cation displacements have
dipoles at least an order of magnitude lower. The modes
involving oxygen displacements are placed at higher fre-

quencies with respect to modes involving cation displace-
ments. High frequencies reduce �see Eq. �5� below� screen-
ing by large-dipole modes. Does this picture apply to all
bixbyites? Plausibly, yes, since the distinction between low-
dipole cation displacements at low frequency and oxygen
large-dipole displacements at higher frequency should hold
whenever the cation/oxygen mass ratio is large enough. Also,
the ineffectiveness in inducing dipoles should be a common
feature to all cations arranged in the bixbyite structure.

In this paper we give a quantitative assessment of the
above considerations. We present first-principles computa-
tions of zone-center vibrational modes, effective dynamical
charges, and dielectric constants for bixbyites with different
cations: Sc, La, and Dy. These cations �together with our
previously studied8 Lu� span the whole size and mass range
for cations in bixbyites. Sc is significantly less massive than
the others �only three times heavier than oxygen� and its
bonds with oxygen are stiffer than for rare earths. The ionic
radius of La is large and the La2O3 cubic phase is actually
disfavored with respect to the hexagonal one. Dy2O3 is ex-
pected to behave as a typical bixbyite rare-earth cation with
intermediate properties between La and Lu.

II. METHOD

The lattice contributes to the dielectric constant of a crys-
tal when periodic ionic displacements induce finite dipole
densities9,10 and then only if the crystal fulfills certain sym-
metry requirements. The induced dipole is linear in the dis-
placements �for small displacements�. The dipole density
corresponding to a generic displacement can be calculated
once the induced dipole for a complete displacement basis
set is known. Choosing as a basis the �periodic� shifts of
each ion along the cartesian directions, the derivatives of
macroscopic polarization with respect to such displacements
can be viewed as generalized charges of the ions involved.
These are usually called11,12 Born dynamical charge tensors
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where P is the macroscopic polarization and �� are the ionic
coordinates of the �th atom ��, etc. are cartesian indexes and
� the crystal volume�. For a generic periodic displacement u
we have thus that the induced dipole per unit cell is

Z� = �
��

u��Z�,��
� . �2�

To calculate the lattice part of the dielectric constant, one
chooses as a basis set for lattice periodic displacements the
generalized eigenmodes of the zone-center �k=0� dynamical
matrix

�
���

�2V

���� � ����

U���
	 = M�
	

2U��
	 , �3�

with eigenfrequencies 
 and eigendisplacements U pertain-
ing to mode 	 �here V is the potential energy and M the ionic
masses�. The U’s are normalized according to

�
��

M�U��
	2

= 1. �4�

The dipole Z	 obtained from Eq. �2� for the eigenmode U	 is
usually called the charge vector of the mode. Modes with a
finite charge vectors are called transverse-optical �TO�
modes because they are involved in radiative transitions. The
matrix elements for such transitions are proportional to
charge vectors, which are thus directly accessible through
infrared spectroscopy.8

The lattice dielectric constant is decomposed in contribu-
tion coming from each TO mode.9 In terms of the mode
charge vectors this sum is written as

�lat
�� =

4�

�
· �

	

Z�
	 · Z�

	


	
2 . �5�

To evaluate the dielectric constants, we need dynamical
Born charges, the electronic part �� of the dielectric constant,
and the eigensystem of the k=0 dynamical matrix. Dynami-
cal Born charges and �� are calculated using the density-
functional perturbative approach.11–13 The zone-center dy-
namical matrix is obtained from centered-difference
derivatives of the forces on each ion with respect to displace-
ments of 0.01 Å in each cartesian direction. All the
present calculations employ the QUANTUM ESPRESSO �Ref.
14� package. The calculations further use a plane-wave basis
�cutoff 35 Ryd�, Vanderbilt ultrasoft pseudopotentials,15 and
the generalized gradient approximation16 for exchange and
correlation.

III. RESULTS

The body-centered cubic unit cell of bixbyite includes 40
atoms and has the Ia3̄ space symmetry group. The group is
constituted by 24 space operations, that include the inversion
and all the rotations by � around �100� axes, and by 2� /3
around �111� axes.17 Besides the cubic lattice constant, there

are four internal cell parameters named x, u, v, and w. Four
of the cations are placed at 8b Wyckoff positions generated
by cycling the group operations to the starting �1/4,1/4,1/4�
position; the 12 remaining cations occupy the 24d position
set, which encloses all the �x ,0 ,1 /4� symmetric equivalents.
The 24 oxygens occupy the 48e Wyckoff set generated by a
�u ,v ,w� starting point. Table I reports the calculated struc-
tural parameters for the Sc, La, and Dy oxides. The internal
parameter are quite similar; as they are expressed in units of
the lattice constant, this means that the structure simply
scales with the M-O bond length.

The Born dynamical charge tensors of the 8b cations has
three independent components, one for the diagonal compo-
nent and two off-diagonal. The off-diagonal components
change matrix location and sign depending on the site, their
average vanishes as required by the cubic symmetry of the
system. In Sc2O3 the diagonal is 3.89 and the off-diagonal
are �0.45, 0.57�; in Dy2O3 the values are 3.8 and �0.45, 0.5�;
in La2O3 they are 3.97 and �0.49, 0.49�.

The 24d cation charge tensor has five independent com-
ponents �three on the diagonal plus two off-diagonal terms�
which change sign and position each site; four of the off-
diagonal terms are identically vanishing by symmetry. The
Sc2O3 diagonal terms are �3.55, 4.04, 3, 61� and the off-
diagonal are �0.51, 0.38�. The Dy2O3 values are �3.4, 3.9,
3.5� and �0.43, 0.37�; those for La2O3 are �3.53, 3, 95, 3, 66�
and �0.36, 0.37�.

The 48d charge tensor of oxygens has nine independent
components. For Sc2O3 the diagonal terms are �−2.34,
−2.4, −2.81� and the off-diagonal terms average in absolute
value to 0.19. For Dy2O3 the diagonal terms are �−2.3,
−2.4, −2.8� and the average off-diagonal term is 0.16. In
La2O3 we have �−2.43,−2.52,−2.85� and an off-diagonal av-
erage of 0.17. In all cases the effective charges are anoma-
lous, i.e., sizably larger than the nominal ionic charge
�though not as much as in, e.g., titanates�. The acoustic sum
rule, stating dynamical charge neutrality, is verified compu-
tationally to within 0.1 electron charges �or about 2%� on the
diagonal components.

The electronic contribution to the static dielectric constant
�� in bixbyites reduces to a simple scalar because of cubic
symmetry. The computed �� for Sc2O3, Dy2O3, and La2O3
are similar and fairly small: 4.6, 4.1, and 4.2, respectively.

The space of periodic displacements on bixbyites has the
irreducible representation decomposition17

�disp = 4Ag � 5Au � 4Eg
1

� 5Eu
1

� 4Eg
2

� 17Tu � 14Tg.

By symmetry, only modes belonging to three-dimensional Tu
representations can develop a nonvanishing dipole. For the

TABLE I. Structural parameters of the studied bixbyites. The
internal parameters are in units of the lattice constant a0.

a0 �Å� x �u ,v ,w�

Sc2O3 9.94 −0.036 �0.391,0.154,0.381�
Dy2O3 10.95 −0.034 �0.391,0.152,0.380�
La2O3 11.32 −0.028 �0.390,0.148,0.377�
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rigid-translations set Tu triplet, the dipole vanishes by the
acoustic sum rule. Each of the remaining 16 triplets develop
dipoles in mutually orthogonal directions, as required by the
electric isotropy of the cubic system. Table II reports the
frequency and the oscillator strength of the Tu modes. Oscil-
lator strengths are the squared dipole of the mode times
4� /� and in atomic units have the dimension of a squared
energy. We use the same units as for mode energies.

In Fig. 1 we compare the moduli of the total dipoles and
their partial component generated by the oxygen displace-
ments. Oxygen and cation partial dipoles have to be either
parallel or antiparallel; all modes with significantly large di-
poles present parallel partial dipoles. One can observe that
oxygens generate always the most part of the dipoles, analo-
gously to what already reported for Lu2O3.

The contributions of each polar mode to the static dielec-
tric constant is given by its oscillator strength divided by its
squared frequency. For Sc2O3 we have a total lattice contri-
bution of 13.4 which added to the electronic part yields a
total static dielectric constant of 18. For Dy2O3 the lattice
contribution is equal to 9.0 and the total static dielectric con-
stant is equal to 13.1. For cubic La2O3 we obtain a lattice
contribution of 15.9 and a total � of 20. The values are sum-
marized in Table III. In Fig. 2 we show the frequency-
dependent dielectric intensity, i.e., the partial contributions of
each polar mode to the static dielectric constant of the three
materials. The data in this figure can be compared with those
for Lu2O3, curve �b� in Fig. 1 of Ref. 8. A strong similarity in
shape and peak spacing is evident between Dy2O3 and
Lu2O3, except that the latter has a spectrum shifted to higher
energies. This accounts for the small difference in the ionic
dielectric constants �see Table III�.

IV. DISCUSSION

To analyze the different character of the IR active vibra-
tional modes, Fig. 3 reports as a function of mode energy our
measure of the localization of a mode �i.e., a collective dis-
placement�, namely, M��u��2 with u� the displacement am-
plitude of the �th ion �since the eigendisplacements are nor-
malized according to Eq. �4�, the sum of all localizations of
each mode is unity; acoustic modes at zero energy have a
larger localization on cations due to their larger mass�. For
rare-earth oxides, where the cation and oxygen masses differ
by 1 order of magnitude, the calculations clearly bear out a
sharp separation between low-energy modes �prevailingly
consisting of cation displacements� and higher-frequency
modes �where oxygen motions prevail�. The transition be-
tween the two groups is around 200 cm−1, for both Dy and
La oxides, as well as Lu2O3.8 In La2O3 the oxygen-modes
range actually starts immediately at the end of the cation-
mode range while in dysprosium oxide there is a gap of

TABLE II. Energies �cm−1� and logarithm of oscillator strengths
�cm−2� for polar modes in bixbyites.

Sc2O3 Dy2O3 La2O3


 log�S� 
 log�S� 
 log�S�

166 2.52 83 2.15 80 2.62

198 3.46 106 1.40 101 2.60

217 3.73 116 2.65 110 2.44

233 4.62 123 3.35 117 3.71

251 2.77 135 2.49 130 3.70

285 4.99 170 2.78 160 2.89

297 5.02 207 2.15 203 5.25

326 5.73 267 5.54 208 4.70

344 5.30 295 4.78 217 5.25

361 3.96 309 4.93 232 4.53

374 5.64 330 4.05 251 5.43

421 2.97 340 5.36 257 4.61

443 3.73 384 4.20 303 4.15

470 3.65 432 3.96 315 3.36

506 4.00 458 3.51 335 3.21

589 4.56 520 4.47 462 3.83
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FIG. 1. �Color online� Mode charge vectors moduli and their
partial oxygen component. For each oxide in the top panel we show
the cosine of the angle between oxygen component and cation com-
ponent; only possible cosines are 1.

TABLE III. Dielectric constants of bixbyites. Previously calcu-
lated data for lutetia are included for comparison.

�� �ionic �

Sc2O3 4.6 13.4 18.0

La2O3 4.1 15.9 20.0

Dy2O3 4.1 9.0 13.1

Lu2O3
a 4.2 7.8 12.0

aReference 8.
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about 50 cm−1 between the two groups. This difference is
probably caused by the much softer bonding in the first case.
The oxygen modes of Dy2O3 being shifted up, the ionic con-
tribution to the dielectric constant is sizably smaller than in
La2O3 �Table III�. As mentioned, a similar behavior in the
mode character can be observed �though it was not made
explicit in the original paper� in Lu2O3.8

At variance with the two rare-earth oxides, a character
mixing between cation and anion displacements shows up in
Sc2O3, where the cation/anion mass ratio is lower by a factor
of over 3. We can single out a low-frequency cation-modes
group up to 250 cm−1, a high-frequency oxygen-modes
group upward of 450 cm−1, and a midrange �280–400
cm−1� group containing modes of both kinds as well having
mixed character. In mixed modes, the localization on cations
decreases steadily with frequency �except in a few genuinely

cationic modes such as the one at 421 cm−1�, but mixing
does still cause some cationic modes to develop appreciable
dipoles. This actually happens also for one La2O3 cationic
mode at 207 cm−1, bordering the oxygen range: comparing
Figs. 1 and 3 one notices that the mode has prevailing cat-
ionic localization but the dipole is generated by oxygen dis-
placements. The analogous mode in dysprosium oxide, at the
border of the spectral gap, has instead no oxygen localization
at all, and its dipole is very small. Also, because of the “gap
closure” in La2O3 we find that five modes contribute impor-
tantly to the dielectric constant, whereas they are only four in
Dy2O3, as in lutetia. Also because of this feature, the lattice
dielectric constant in cubic lanthanum oxide is significantly
larger than in dysprosia, even though the dipoles in the latter
are actually larger.

In Sc2O3 the mixing affects all the modes relevant for the
lattice screening. Looking at Fig. 1, the contribution of Sc
displacements to dipoles is appreciable for all mixed modes.
�Similar cation contributions to dipoles at these energies has
been previously reported18 in amorphous Sc2O3.� As mixing
enhances dipoles, at lower frequencies we now find at least
six modes giving a sizable contributions to the lattice dielec-
tric constant.

V. CONCLUSIONS

Analyzing the data for different bixbyites, a clear depen-
dence on cation mass and ionic radius emerges. Large di-
poles are always due to oxygen displacements. Low-
frequency modes have small oxygen motion components but
the localization on oxygen increases with frequency. �There-
fore, significant contributions to �latt come from midrange
frequencies.� The frequency of cation-localized modes de-
pend weakly on the cation; oxygen-localized modes instead
shift down in energy as the ionic radius increases. In the
extreme case of La, the two types of modes have overlapping
frequency ranges. This produces an enhancement of the
La2O3 dielectric constant, both because of the downshift and
because a cationic-mode dipole is increased by the mixing
with oxygen displacement modes.

Sc has a much shorter radius than rare earths and is a
factor 3–4 less massive. In scandia, in fact, cationic modes
range up to 420 cm−1. Because of the stiffer bonds, oxygens
modes begin at still higher frequencies than in the other com-
pounds. Modes in the intermediate range have mixed char-
acter. Cations displacements contribute sizably to the total
dipole, also because of the lighter cation. Although the most
intense dielectric modes have higher frequencies, in Sc2O3
the dielectric constant is larger than in Dy and Lu oxides, and
not far from La oxide, because more contributions are
present.

In summary, the present calculations provide a rationale
for the trends of dielectric screening in bixbyite sesquiox-
ides. The conclusion apropos technological interest is that
cubic sesquioxides are expected not to escape, roughly, the
12–18 value range of dielectric constants, and therefore are
not especially strong candidate high-� materials, all the more
so in the perspective of smaller-size technology nodes requir-
ing ultrahigh �50 and above� �’s.
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FIG. 2. Computed dielectric intensity �i.e., partial contributions
to lattice part of the dielectric constant from polar modes� vs
energy.
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FIG. 3. �Color online� Localization of vibrational mode on cat-
ions and oxygens.
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